The collision of a ball with a baseball bat or a tennis racket is usually modeled in terms of rigid body dynamics, assuming that the hand exerts no impulsive reaction force on the handle during the collision. In this paper, a uniform aluminum beam was used as an idealized bat or racket, in order to examine both the rigid body approximation and the assumption that the hand force can be neglected. An aluminum beam was chosen so that its length and stiffness could easily be varied and so that the results could be compared with solutions for a flexible beam. It was found that rigid body models of beams, bats, or rackets are of limited use but the hand force can usually be neglected. The flexible beam model provides remarkably good agreement with experimental results and provides new insights into the dynamics of this type of collision, including the nature of the sweet spot.
I. INTRODUCTION
The collision between a baseball bat or a tennis racket and a ball is a nontrivial problem in mechanics that has been difficult to unravel experimentally and difficult to model theoretically. The simplest theoretical approach is to assume that the bat or racket is perfectly rigid and that the handle is not subject to any impulsive force during the collision. [1] [2] [3] [4] The bat and ball speed after the collision can then be calculated from the conservation equations, in terms of the corresponding speeds before the collision, and an assumed or measured coefficient of restitution. This model is based on the assumption that the collision time is much shorter than the time taken for an impulse to propagate along the bat to the hand and back to the ball. Under these conditions, no information is transmitted to the ball regarding the impulsive force that may or may not be exerted on the handle. However, the model is not self-consistent in that ͑a͒ if the bat is perfectly rigid, and the hand exerts no force on the handle, then the end of the handle will part company with the hand during the collision, ͑b͒ the propagation time of a pulse along a very rigid bat will be much shorter than the collision time, and ͑c͒ if the bat is flexible and the handle remains undeflected during the collision, then the effective mass of the bat will be less than the actual mass since only part of the bat is involved in the collision. These shortcomings were recognized by Van Zandt, 5 who developed a numerical model to analyze the behavior of a flexible, nonuniform bat. A simplified version of Van Zandt's model, neglecting the shear force, is described below.
It has recently been shown, 6, 7 for both a tennis racket and a baseball bat, that an impulse is transmitted to the hand while the ball is still in contact with the bat or racket. For a tennis racket, the ball remains in contact with the strings for about 4 or 5 ms, and the impulse takes about 1.5 ms to reach the hand. For a baseball bat, the ball remains in contact with the bat for about 1.0-1.5 ms, depending on the relative speed of the bat and ball, and the impulse takes about 0.6 ms to reach the hand. The impulse reflected from the hand therefore arrives back at the ball at a time when the ball is about to lose contact with the bat or racket. The handle motion is strongly affected by the impulsive force exerted by the hand during the collision, but the question remains as to whether the ball is affected to any significant extent.
The experiment described in this paper was designed to investigate both the rigid body approximation and the assumption that the impulsive reaction force of the hand can be neglected. For this purpose, a uniform aluminum beam was used as an idealized bat or racket so that ͑a͒ it could be more easily and more accurately instrumented, ͑b͒ its length and stiffness could easily be varied, and ͑c͒ it could be more easily analyzed in terms of conventional beam theory. If such a beam is suspended horizontally by vertical strings attached to each end, and if a ball impacts at normal incidence at its center of mass ͑c.m.͒, then the effective mass of the beam would ideally be equal to the actual mass of the beam. However, if it bends in the middle and is sufficiently long that it remains undeflected at each end during the impact, then the effective mass will be less than the actual mass. The effective mass at any point along the beam can be defined by the relation M E ϭF/a, where F is the force applied at that point and a is the acceleration of that point. The effective mass of a short beam, clamped at both ends, should be much larger than the actual mass of the beam. It would be infinite if the beam were infinitely stiff and attached to an infinite mass at each end. However, if the beam is sufficiently long and sufficiently flexible, it is conceivable that the effective mass for an impact at any point well removed from either end of the beam will be independent of the impact location or the beam length or the method of support at the ends.
II. BEAM THEORY
The equation of motion for a beam subject to an external force, F 0 per unit length, has the form 8, 9 A ‫ץ‬ 2 y
where is the density of the beam, A is its cross-sectional area, E is Young's modulus, I is the area moment of inertia, and y is the transverse displacement of the beam at coordinate x along the beam. This equation neglects the shear force which is of minor significance for short wavelength modes but is negligible for long wavelength modes. 5, 8 For a uniform beam of mass M and length L, numerical solutions of Eq. ͑1͒ can be obtained by dividing the beam into N equal segments each of mass mϭM /N and separated in the x direction by a distance sϭL/N. An impacting ball may exert a force acting over several adjacent segments, depending on the ball diameter and the assumed number of segments. For simplicity it was assumed that the ball impacts on only one of the segments, exerting a time-dependent force, F. 
where m b is the ball mass, y b is the displacement of the ball, and y b Ϫy n is the compression of the ball. It is assumed that at tϭ0, y b ϭ0, yϭ0 for all beam segments, the beam is initially at rest and that dy b /dtϭv 1 . The subsequent motion of the ball and the beam was evaluated numerically using finite difference forms of Eqs. ͑2͒ and ͑3͒, as described in the Appendix. These results were used to determine the rebound speed of the ball, v 2 , and the apparent coefficient of restitution ͑ACOR͒, eϭv 2 /v 1 . In normal play, a bat or racket is swung toward the ball and is not normally at rest at the moment of impact. The resulting outgoing speed of the ball is easily related to laboratory measurements of the ACOR for an initially stationary bat or racket, using a simple coordinate transformation, as described by Brody. 4 Analytical solutions of Eq. ͑1͒ for a uniform beam can be obtained when F 0 ϭ0 by assuming solutions of the form exp͓i(kxϪt)͔, in which case one obtains the dispersion relation
where is the angular frequency, k is the wave number, and m 0 is the beam mass per unit length. Table I . The corresponding periods for a freely supported beam are very similar, except for the fact that the ''diving-board'' mode ͑with Gϭ1.875͒ is absent.
III. BALL LOSSES
Solutions of Eqs. ͑2͒ and ͑3͒ overestimate the ACOR due to the neglect of energy dissipation in the ball. A correction factor for ball losses was obtained from measurements of the ACOR when the ball impacted on one of the heavy steel supports used to clamp the beam. For such an impact, e ϭ0.85Ϯ0.01, indicating that a fraction (1Ϫe 2 )ϭ0.28 of the incident ball energy is dissipated in the ball. This was confirmed by measurements of the ratio of the rebound height to the drop height when the ball was dropped on a solid floor.
A simple correction for ball losses can therefore be obtained by multiplying the theoretical values of e by 0.85. Alternatively, ball losses can be incorporated directly in Eqs. ͑2͒ and ͑3͒ by allowing for hysteresis in the ball. The compression and expansion phases of a bouncing ball are known to obey different force laws. 10, 11 The area enclosed by a force versus compression curve, for a complete compression and expansion cycle, is equal to the energy dissipated in the ball. A realistic model is obtained by assuming that Fϭk 1 x m during the compression phase and Fϭk 2 x n during the expansion phase, where x is the ball compression. A typical hysteresis curve is shown in Fig. 1 . Since the two values of F are equal at maximum compression, x 0 , k 2 is given by k 2 ϭk 1 x 0 mϪn . For this model, the energy loss in the ball, E b , is given by
For an impact on a rigid surface, the maximum potential energy stored in the ball can be equated to the incident kinetic energy of the ball, provided there is no energy loss during the compression phase. In this case, the ball loss is the only energy loss, so 
indicates that e is independent of ball speed. In fact, it is known that e decreases slightly as the ball speed increases, in which case n and m are slowly varying functions of v 1 . The effect is relatively small 11 and is of no concern in this paper. In this experiment, a superball was used in order to minimize the energy loss in the ball itself, and the incident ball speed was not varied. Previous measurements 11 have shown that a good approximation for the dynamic compression of a superball is given by mϭ1, in which case e 2 ϭ2/(nϩ1 
IV. RIGID BODY APPROXIMATION
For a sufficiently short or a sufficiently stiff bat, the collision between a bat and a ball can be analyzed using a rigid body approximation, as illustrated in Fig. 2 . If there is no external reaction force from the hand, and if the bat is initially at rest, then conservation of linear and angular momentum is described by the relations
and
where M is the bat mass, V c.m. is the recoil speed of the center of mass ͑c.m.͒ of the bat, I c.m. is the moment of inertia of the bat about its c.m., is the angular velocity of the bat after the collision, and b is the impact parameter. For a uniform bat of length L, I c.m. ϭM L 2 /12. Conservation of energy is described by
where E c is the energy dissipated in the ball plus the energy stored as vibrational energy in the bat. The vibrational energy is eventually dissipated in the bat, or in the hands, well after the collision is over. Inclusion of a vibrational loss term allows one to relax the assumption that the bat is perfectly rigid, but rigid body dynamics alone does not provide any clues as to the magnitude of E c . The vibrational losses must be determined experimentally or by a flexible bat analysis. The solution of Eqs. ͑8͒-͑10͒ is given by
where f ϭ2E c /(m b v 1 2 ) is the fractional energy loss, R ϭm b /M E , and
is the equivalent mass of the bat as defined in Sec. I. Equation ͑11͒ is therefore the same as that for a head-on inelastic collision between point masses m b and M E . The equivalent mass is equal to the actual mass for an impact at the c.m. where bϭ0, and decreases toward the end of the bat. At the end of the bat, where bϭL/2, M E ϭM /4. Solutions of Eq. ͑11͒ are given below to compare with the flexible bat solutions and with the experimental data.
V. EXPERIMENTAL ARRANGEMENT
The arrangement used in this experiment is shown in Fig.  3 . A rectangular cross-section aluminum beam of width 32 mm was supported horizontally, either by a 1.2 m vertical length of string attached to each end or by clamping one end to a rigid support. A 36-mm-diam, 42-g superball was mounted, as a pendulum bob, at the apex of a V-shaped string support, so that it could impact the beam horizontally and at right angles to the beam. Impacts toward one edge of the beam caused it to rotate and vibrate about the long axis, resulting in a significant reduction in the ball rebound speed. Consequently, care was taken to ensure that the ball impacted on the center-line along the beam, 16 mm from each edge. This arrangement provided good reproducibility as well as a simple and accurate means of both controlling and measuring the ball speed. For the latter purpose, a small (5 mmϫ15 mm) rectangular card was glued to the top of the ball. A He-Ne laser beam was directed parallel to the beam so that it could pass sequentially through two small holes in the card, 10 mm apart. The laser beam was detected using a photodiode. From these data, measurements were obtained of the ACOR as a function of impact location along the beam.
It is difficult to suspend a beam so that both ends are totally free. The method of supporting the beam at each end by a length of string or fine wire is a good approximation, since the restoring force on the beam due to the string support is much smaller than the impulsive force of the ball acting on the beam, at least for small horizontal displace- ments of the beam. In this experiment, the ball was incident at low speed, about 1 ms Ϫ1 , the impact duration was about 4 ms, and the end of the beam deflected horizontally by less than 4 mm during the impact. The peak impact force was about 15 N, and the peak horizontal restoring force due to the string support was about 0.01 N.
Two piezo ceramic disks were mounted on the beam with adhesive tape in order to monitor the impact duration and the propagation delay of the transverse wave along the beam. The disks were 25 mm in diameter, 0.3 mm thick, and had a mass of only 1.9 g so they did not have any significant effect on the behavior of the beam. However, measurements of e were obtained without the disks in place since a direct impact with a disk acted to decrease e by about 5%. The disks were connected to 10-M ⍀ oscilloscope probes using very light leads taped to the beam in order to avoid any spurious response due to independent motion of the leads. The output signals from the piezo disks were recorded on a digital storage oscilloscope. A direct impact of the ball on a piezo disk provides a measurement of the force of the ball on the disk. If the ball impacts at some other point on the beam, then the output of a piezo attached at any point P along the beam provides a measurement of the local acceleration of the beam at point P. For some experiments, the probe output was connected to an RC integrator of time constant 1.0 s in order to monitor the local velocity of the beam.
VI. WAVE SPEED MEASUREMENTS
When a ball impacts on a beam, it excites a broad spectrum of frequency components from zero frequency up to about 1/, where is the duration of the impact. The force waveform acting on the beam is approximately a half sine wave, in which case the amplitude of the spectrum peaks at zero frequency and drops to zero at f ϭ1.5/. In theory, the impulse observed at any point on the beam, shortly after the impact, should contain frequency components up to about 1.5/. In practice, the highest frequency components are too small in amplitude and too heavily damped to be observed. All components are dispersed along the beam since the high frequency components propagate faster than the low frequency components. Results obtained with an aluminum beam of length 1.8 m, width bϭ32 mm, and thickness a ϭ6 mm are shown in Fig. 4 . The beam was freely suspended in a vertical orientation by a length of string attached to the top end, and struck 10 cm from the bottom end by the 42-g superball. The velocity waveform at each end of the beam was detected by a piezo disk mounted at each end of the beam on the side opposite the impact side. The piezo at the bottom end therefore responded almost immediately to the impact and, after a significant delay, to the signal reflected from the top end of the beam.
As shown in Fig. 4 , the high frequency components arrive first and are relatively small in amplitude. The low frequency components propagate at a lower speed and are larger in amplitude. The lowest frequency components arrive at a time when the high frequency components have completed two or three round trips along the beam. The time delay between the initial impact and the arrival of any given peak in the dispersed impulse provides a measurement of the group velocity. For example, the second peak in Fig. 4͑b͒ arrives after a delay of about 22 ms and is centered at a frequency of around 140 Hz. The velocity of this peak is therefore about 160 ms Ϫ1 and the expected group velocity at 140 Hz is 176
. However, the frequency is not sufficiently welldefined to provide an accurate estimate of the group velocity for this data. Better measurements of the dispersion relation are obtained from measurements of the vibration periods, which were found to agree closely with the results given in Table I .
Numerical solutions of Eqs. ͑2͒ and ͑3͒ for this impact are shown in Fig 5. The solutions are generally consistent with the observed waveforms but there is no wave damping in ͑2͒ or ͑3͒, so the high frequency components feature more prominently than is observed. An interesting feature of the solutions is that the beam velocity near the impact point peaks at the end of the impact and then decays toward zero in an exponential fashion, as observed. This feature implies that most of the impact energy is absorbed near the impact point and is then redistributed along the beam over a relatively long time period due to the low group velocity of the low frequency components of the impulse.
VII. ACOR MEASUREMENTS
Measurements of the ACOR, and the corresponding theoretical estimates of the ACOR, are presented in Fig. 6 for aluminum beams with aϭ6 mm, bϭ32 mm, and Lϭ30, 60, and 110 cm. Results for a thicker beam, with aϭ10 mm, b ϭ32 mm, and Lϭ110 cm are shown in Fig. 7 . The theoretical estimates were obtained using a simple correction factor of 0.85 for ball losses. The spring constant was taken as k b ϭ2ϫ10
4 N m Ϫ1 to be consistent with the observed impact duration, about 4.2 ms. An alternative theoretical value of e, allowing for dynamic hysteresis losses in the ball, is shown for the Lϭ110 cm clamped beam. The alternative solution ͑shown as a thinner line͒ is very similar to the first solution but provides slightly better agreement with the experimental data.
Apart from a few minor discrepancies, agreement between the theoretical and experimental values of e is remarkably good. Higher than expected values of v 2 can result if the ball rotates slightly on impact, thereby reducing the effective width of the card and the effective distance between the holes in the card. For the 30-cm clamped beam, significantly higher values of v 2 were observed for impacts close to the free end, due to the fact that the beam vibrated and struck the almost stationary ball soon after the initial impact. These double-impact results are not included in Fig. 6 . Results obtained for the lighter 30-cm free beam were not as accurate or as reproducible as the other beams, since small misalignment errors had a larger effect on rotation of the beam about the long axis.
The results in Fig. 6 show very clearly that, for a sufficiently long beam, ͑a͒ the impact of a ball near one end of a beam is not affected by the length of the beam or the method of support at the other end and ͑b͒ the ACOR for an impact anywhere along the central section of a beam is independent of the impact location and is not affected by the length of the beam or the method of support. For the longer 6-mm-thick beams, the ACOR remains constant at eϭ0.45Ϯ0.02 along the beam up to a point about 15 cm from each end. This result implies that the rebound speed is affected only if the impulse reflected off one end arrives back at the impact point within the 4.2-ms period of the impact. This places an upper limit on the propagation speed, of 30 cm/4.2 msϭ71 ms
Ϫ1
, of the significant frequency components. In other words, only those frequency components with a propagation speed of 71 ms Ϫ1 or less have any significant influence on the rebound speed. For a 6-mm-thick beam, the group velocity is 71 ms Ϫ1 at f ϭ22 Hz or Tϭ1/f ϭ45 ms.
There is no simple formula that predicts that 22 Hz is a critical frequency, but most of the energy of the impulse is contained in the low frequency components. The dynamics of the situation are illustrated in Fig. 8 , which shows the theoretical beam deflection, for a freely supported beam, at equal time increments during and shortly after the impact. An impulse propagating toward a free end is reflected without phase reversal, so the beam moves further away from the ball, thereby reducing the rebound speed. A pulse propagating toward a clamped end is reflected with a phase reversal, sending the beam back toward the ball, thereby increasing the rebound speed. The reflected pulse has no effect on the ball if the ball rebounds before the reflected pulse reaches the ball. The theoretical results in Fig. 8 show that the beam deflection at the impact point, during the impact, is essentially the same for impacts at xϭ55 cm or xϭ90 cm, indicating that the pulse reflected at xϭ110 cm does not have a significant influence on the impact. However, for an impact at xϭ103 cm, the reflected pulse acts to deflect the beam away from the ball during the impact, thereby reducing the ACOR significantly.
An attempt to fit the Lϭ60 cm, aϭ6 mm free beam data using a rigid body approximation is shown in Fig. 6 . The dashed curve is the solution of Eq. ͑11͒, assuming that the beam mass M ϭ311 g ͑i.e., its actual mass͒ and that f ϭ0.6. The fit is not good, and is even worse for other assumed values of f. Similar poor fits can be obtained if one assumes
''forced'' to fit the data if f is allowed to vary with x, but the flexible beam solution is obviously superior. Nevertheless, a ''forced'' fit provides a valid measure of the fractional energy loss, f, consistent with the conservation equations. The fractional energy loss is about 0.6 in the middle of the 60-cm free beam and also at xϭ3.8 cm and xϭ56.2 cm, but it is different at other points along the beam.
A much better rigid body fit can be obtained for the L ϭ30-cm free beam since the propagation time of an impulse along the beam is then comparable to the duration of the impulse. A good fit is obtained by assuming that the beam mass is its actual mass and that f ϭ0.2, indicating that the ball loss is the main energy loss and that the fractional energy loss is less than that for an impact on a hard surface. This fit is shown by the dashed curve for the 30-cm free beam. The solid curve is the solution of Eqs. ͑2͒ and ͑3͒ with a correction factor of 0.85. An even better fit is obtained if the correction factor is changed to 0.89, in which case it is almost identical to the rigid body solution. This correction factor is consistent with the fact that the loss fraction f ϭ1 Ϫe 2 ϭ0.2. One can conclude from these data that the rigid body approximation yields reliable results only if the duration of the impulse is longer than the vibration period of the fundamental mode of the freely supported beam.
VIII. ENERGY BALANCE
The results shown in Fig. 8 highlight a significant difference between the flexible and rigid body models of a beam. If one end of a beam is in motion while the other end is at rest, then the linear and angular velocities of the beam are not well defined. Spatially averaged linear and angular velocities can be defined, but these averages contain timevarying vibrational components that are not easily distinguished from the time-independent components until well after the collision is over. In the ideal case of a lossless, freely supported beam, and at times well after the collision, each point in the beam will then have a well-defined time average velocity or dc component, and a well-defined vibrational or ac component. The dc components must obey the conservation equations for linear and angular momentum, and the system as a whole must conserve energy, as described by the rigid body relations in Sec. IV.
Experimentally, it is observed that e is independent of the impact parameter for impacts sufficiently well removed from either end of the beam. Under these conditions, and for any given freely supported beam, it can be seen from ͑8͒ and ͑9͒ that V c.m. is independent of b and is directly proportional to b. Equation ͑10͒ indicates that as b increases, E c must decrease by the same amount as the rotational energy increases, in order to conserve energy. The distribution of the initial energy for an impact on the Lϭ110-cm, aϭ6-mm free beam, is shown in Figs. 9 and 10 for impacts at xϭ55 cm and xϭ90 cm, respectively. The curve labeled ''Ball PE'' is the energy stored in the ball as a result of its compression plus the energy dissipated in the ball as a result of hysteresis losses. The ''Beam KE'' is the total instantaneous kinetic energy of all beam segments. The ''Beam PE'' is the strain energy arising from beam bending and is given by 
Most of the initial energy of the ball is rapidly converted to potential energy of the ball as a result of its compression. As the ball expands, some of this energy is dissipated in the ball and the rest is distributed as shown in Figs. 9 and 10. It is coincidental that the energy dissipated in the ball is almost identical to the kinetic energy of the ball after the collision.
For an impact at the center of the beam, the beam recoils with a time-averaged stored potential energy slightly smaller than the time-averaged kinetic energy. For the impact at 90 cm, the ball rebounds with almost the same speed as an impact at the center, but the kinetic energy transferred to the beam is increased, and the stored PE in the beam is decreased, as expected from the conservation equations. At least that is the situation that evolves well after the collision is over. As shown in Figs. 9 and 10, the distribution of energy between ''Beam KE'' and ''Beam PE'' does not depend significantly on the impact point during the collision itself. Consequently, the ball rebounds with essentially the same speed, regardless of the impact location, while the beam dynamics evolves with time, and continues to evolve after the ball has lost contact with the beam. After several transits of the impulse up and down the beam, it is then possible to interpret the motion of the beam in terms of rigid body dynamics. The mode frequencies and node locations in Figs. 9 and 10 are consistent with beam theory ͑more obviously when the calculations are extended over several fundamental vibration periods͒ but the frequencies appear to be twice as high since the vibrational energy components are a maximum twice each cycle.
The vibrational energy stored in the beam can be calculated for each impact point using Eq. ͑13͒, but this is time consuming since the calculations must extend over several fundamental vibration periods to determine the timeaveraged vibrational energy. A simpler approach is to integrate the flexible beam equations only during the impact period to determine eϭv 2 /v 1 and the energy dissipated in the ball, and then use the rigid body Eqs. ͑11͒ and ͑12͒ to determine the fractional energy loss, f. The result for a tennis racket is described in Sec. IX.
IX. RELEVANCE TO A REAL TENNIS RACKET
The beam parameters chosen for this experiment do not accurately model the parameters of real bats or rackets, but they are not wildly different. Nevertheless, it is of interest to consider more realistic parameters. Consider, for example, a graphite/epoxy composite tennis racket of length Lϭ72 cm, mass M ϭ320 g, and thickness aϭ20 mm. The fundamental vibration frequency of such a racket, when freely suspended by a length of string, is typically about 125 Hz ͑period T ϭ8 ms͒. Despite the fact that the racket head is round, the frame is hollow, and the ball impacts on almost massless strings, the vibration modes and the node locations of such a racket can be accurately modeled by assuming that the racket behaves as a uniform beam. The zero frequency dynamics of the racket ͑i.e., its rotation, translation, and the location of the center of percussion͒ can also be modeled in terms of a uniform beam, provided the ball impacts the strings on the long axis through the handle. An off-axis impact will cause the racket to rotate about the long axis, in which case the relevant moment of inertia is considerably larger than that of a uniform, rectangular cross-section beam of the same mass, length, and thickness as the racket. From Eq. ͑5͒, the relevant value of E/ for the racket is 1ϫ10 7 N m kg
Ϫ1
. This value of E/ is about a factor of 6 smaller than that observed for a straight graphite composite tube, and reflects the fact that the racket is loaded by the strings, the grip, a heavy coat of paint, and other reinforcement material, and also indicates that the carbon fibers are not all aligned in the same direction, but are woven into a braided cloth.
The rules of tennis specify that a tennis ball must have a mass of 57 g, a spring constant kϳ2ϫ10 4 N m Ϫ1 , and a coefficient of restitution ͑COR͒ of 0.74 when dropped from a height of 100 in. onto a concrete slab, with only small variations permitted. In this case, the ACOR is the same as the COR since the slab remains at rest. The ball therefore loses about 45% of its initial energy when dropped onto a concrete slab. In normal play, the ball does not impact on concrete or even on the racket frame. The impact is cushioned by the strings, with the result that the ball compression is reduced and hence the ball loss is less than that for an impact on concrete. When a ball is dropped onto the strings, and the head is clamped, the ball rebounds to about 70%-80% of its drop height, depending on the string tension, the ball speed, and the condition of the ball. Essentially all of the energy absorbed by the strings is given back to the ball. 13 In the calculations presented below, it is assumed that the bounce height is 72%, corresponding either to a ''used'' ball impacting at low speed or a new ball impacting at relatively high speed. The hysteresis losses can be modeled, as described above, using k 1 ϭ2ϫ10
4 N m Ϫ1 and e 2 ϭ0.72 or eϭ0.85, in which case mϭ1 and nϭ1.768. The relevant compression and energy loss when the racket head is free to recoil is governed by the relations Fϭk 1 (y b Ϫy n ) during the compression phase and Fϭk 2 (y b Ϫy n )
1.768 during the expansion phase.
The impact force acts via the strings over the whole racket head, but not instantaneously since there is a finite propagation delay, of order 0.5 ms, through the strings. It is assumed in the calculations presented below that the ball impacts on only one of the N segments, since the force is transmitted to its nearest neighbors, with a time delay comparable with that through the strings, as a result of beam bending. Further details of the collision would require a two-dimensional model of the racket head to take into account the twodimensional nature of wave propagation through the strings as well as the frame.
Calculations of the ACOR for the above racket and ball parameters are shown in Fig. 11 , for conditions where the racket is ͑a͒ freely suspended or ͑b͒ rigidly clamped over a 10 cm length at the end of the handle or ͑c͒ pivoted about an axis through the end of the handle. The length of the clamped racket is reduced, by the clamp, to 62 cm. In practice, the hand does not act as a rigid clamp, since the racket and the hand pivot about an axis through the wrist. 7 The boundary conditions at a pivot end are given by yϭ0 and ‫ץ‬ 2 y/‫ץ‬x 2 ϭ0 since the displacement and the bending moment are both zero at a pivot ͑or ''pinned''͒ joint.
The racket results are surprising since the ACOR near the center of the racket is strongly affected by wave reflection from the clamped end, but not by reflections from the same end when that end is free or pivoted. This result is not simply due to the fact that the clamped racket is 10 cm shorter than the other rackets. The clamped racket has almost the same length and mass as the 60-cm aluminum beam shown in Fig.  6 . The difference is that the racket is slightly stiffer, having a higher fundamental vibration frequency ͑125 Hz for the free racket and 87 Hz for the free aluminum beam͒ and the ball contact time is slightly longer ͑6.2 ms for the tennis ball and 4.2 ms for the superball͒. The reflected pulse from the clamped end of the racket catches up with the ball as it is about to rebound, and ejects the ball at a relatively high speed. Furthermore, the contact duration is extended to 6.2 ms by this effect. In the case of the free or pivoted racket, reflections from either end take slightly longer to reach the ball due to the additional 10 cm racket length. When the reflection does reach the ball, the racket moves away from the ball, with the result that the contact time is reduced to about 5.2 ms, compared with 5.5 ms for an impact on a rigid surface. The dynamics are illustrated in Figs. 12 and 13 , showing snapshots of the racket at 2-ms intervals after the initial impact.
The ''slingshot'' effect of the reflected pulse from a clamped end is mainly of academic interest since the hand and wrist act more like a pivot joint than a rigid clamp and since the ball normally impacts in a region about 10-25 cm from the tip of the racket, rather than near the center of the racket ͑i.e., about 36 cm from the tip͒ or near the clamped end. Consequently, the main significance of the results shown in Fig. 11 is that, for an impact on the strings, the behavior of the ball is almost totally independent of the method of support of the handle. There is only a marginal difference in the ACOR, about 20-30 cm from the tip of the racket, between a freely supported racket and one that is pivoted at the end of the handle.
Also shown in Fig. 11 is a rigid body calculation for this racket, assuming that it is freely suspended and that the fractional energy loss f ϭ0.3. This value of f was chosen to give a reasonable fit to the flexible racket solutions. The fit agrees moderately well with the flexible racket results, except near the tip and the throat of the racket since vibration losses act Fig. 11 . Theoretical estimates of the ACOR for a graphite tennis racket of length 72 cm, mass 320 g, and thickness 20 mm. The tip of the racket, at xϭ0, is freely supported. The handle is either freely supported, pivoted at xϭ72 cm, or rigidly clamped between xϭ62 cm and xϭ72 cm. Also shown is a rigid body solution for the freely suspended racket, with f ϭ0.3. The racket strings extend typically from xϭ1 cm to about xϭ34 cm. to increase f in these locations. A ''forced'' rigid body fit to the flexible racket solutions, for an impact on the freely suspended racket, is shown in Fig. 14 . The ball loss due to hysteresis, and the ACOR, were calculated using the flexible beam model. The fractional energy loss, f, was then determined from Eqs. ͑11͒ and ͑12͒. The translational and rotational energies of the racket were determined, from the known value of eϭv 2 /v 1 , with the aid of Eqs. ͑8͒ and ͑9͒. The energy stored in racket vibrations, normalized to the initial ball energy, was obtained by subtracting the normalized ball loss from f.
As shown in Fig. 14, the energy dissipated in the ball is actually less than that when the head is rigidly clamped ͑for the same incident ball speed͒ since the racket frame, as well as the strings, absorbs some of the impact energy. As a result, the ball compresses by a smaller amount, and the hysteresis loss is reduced. The vibrational energy stored in the racket passes through a broad minimum for an impact at the fundamental vibration node. It is not zero, since other modes are excited at this location, but the fundamental mode is clearly the most significant. For a uniform beam, the nodes of the fundamental mode are located at x/Lϭ0.22 and x/L ϭ0.78, or at xϭ16 cm and xϭ56 cm for the Lϭ72-cm racket. For a racket, the fundamental node is close to the middle of the strings. One might therefore expect a significant localized increase in the ACOR for an impact in the middle of the strings. Such an effect is not observed, despite the reduction in the energy coupled to racket vibrations at the node, since the kinetic energy coupled to the racket passes through a broad maximum near the node point. This effect is shown in Fig. 15 , where the sum of the translational and rotational energy fraction curves is plotted as a function of the impact point. Alternatively, one can argue that the ball does not ''know'' that it struck a node until after the collision is over. The impulse must propagate to both ends of the racket and back in order for a node point to be established.
Also shown in Fig. 15 is a plot of the kinetic energy transferred to the handle, for the freely suspended racket. This result was obtained by summing the kinetic energy of all segments in the last 10 cm of the handle, and recording the maximum value of the kinetic energy during the 30-ms period following the impact. The energy stored in the handle as a result of local beam bending was found to be neglible. However, the handle still vibrates after the impact due to the vibrational energy stored in other parts of the racket. It might appear from Fig. 15 that, for impacts near the end of the handle, more energy is stored in the handle than in the whole racket. However, the translational plus rotational energy curve represents the time average energy, with the vibrational component removed, whereas the handle energy curve shows the peak energy in the handle, including the vibrational energy. The most significant feature of the handle energy curve is that the handle energy is minimized for an impact in the region from about xϭ14 cm to about x ϭ21 cm. This can be attributed to the fact that ͑a͒ the vibrational energy is minimized for an impact at the fundamental vibration node ͑at xϭ16 cm͒ and ͑b͒ the time average kinetic energy drops to zero at any given point in the handle for an impact at the corresponding center of percussion ͑COP͒ on the strings. 6, 7 For conjugate points between the end of the handle and 10 cm from the end of the handle, the corresponding COP points extend from xϭ19.4 cm to x ϭ24.0 cm. Consequently, the ''sweet spot'' zone, representing a region where shock and vibration transferred from the handle to the player are minimized, corresponds to impacts near or between the fundamental node point and the COP points.
Manufacturers have strived for many years to produce a perfectly rigid racket since the vibration losses would then be zero. Modern graphite rackets are certainly much stiffer than the older generation of wood or aluminum rackets, but they are not infinitely stiff. In fact, they do not need to be. If E is increased by a factor of 3, keeping the racket mass, length, and thickness fixed, the flexible racket solution is almost identical to the rigid body solution shown in Fig. 11 . If E is reduced by a factor of 3, e is decreased by about 20% along the whole length of the racket. Consequently, only marginal gains can be obtained by increasing the stiffness of modern rackets.
X. CONCLUSIONS
In this paper, aluminum beams of different length and thickness were used to simulate the behavior of a ball collid- The ''loss'' curve is the fraction of this energy dissipated in the ball. The ''Vibr'' curve is the fraction stored in racket vibrations. The various energy fractions sum to unity. In practice, the only region of interest is 3ϽxϽ30 cm, corresponding to an impact on the strings. ing with a baseball bat or a tennis racket. It was found that the apparent coefficient of restitution, for an impact at any point well removed from either end of the beam, is independent of the impact location or the length of the beam or the method of support at the ends. These results support the often-quoted assumption that the impulsive reaction force on the handle can be neglected. A rigid body model of the collision yields results that are, in general, only roughly consistent with experimental data or with solutions obtained for a flexible beam. The rigid body model works best when the duration of the collision is greater than the vibration period of the fundamental mode of the freely supported beam. However, the rigid body model must be supplemented with independent estimates of the energy stored in vibrational modes. The flexible beam model is superior and yields results that are in remarkably good agreement with experimental data, at least for a uniform beam. One can therefore expect that an extension of the model to treat real, nonuniform bats and rackets will yield similarly reliable results.
The mechanics of a bat and ball collision can be pictured in the following simplified terms. During the collision, the bat bends locally by an amount that is independent of the impact point, provided the impact is not too close to the end of the bat. The impact generates a pulse that propagates to each end of the bat and returns to the impact point either before or after the ball has rebounded, depending on the flexibility of the ball, the flexibility of the bat, and the distance to each end. If the reflected pulses arrive after the ball rebounds, then the ball has no way of ''knowing'' where it landed and the rebound speed is independent of the impact point. Similarly, the beam does not ''know'' if it was struck in the middle or at any of the vibration nodes until well after the collision is over. After the ball has lost contact with the bat, the pulse propagates up and down the bat and distributes the impact energy in a manner that is governed by the conservation equations for linear and angular momentum or in a manner that can be calculated in terms of the normal modes, including the zero frequency modes. 5, 9 An experimentalist could measure the amplitudes of the various modes after the collision is over, calculate the energy in the modes, and then use the conservation equations to calculate the rebound speed of the ball. However, it would be simpler to measure the rebound speed directly. In this sense, a rigid body model of the collision is of limited use in determining the rebound speed of the ball.
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APPENDIX
A finite difference form of Eq. ͑2͒ can be obtained by reference to Fig. 16 . The beam is approximated as N segments each of mass m, separated by a distance s in the x direction. If the nth segment is displaced in the y direction by an amount y n , then y nϪ0. 5 However, this procedure cannot be applied to the first two or the last two segments at the ends of the beam since the x derivative at any given segment is expressed in terms of the y displacement of the two segments on either side of the given segment. The y displacement of the end segments was obtained by imposing the relevant boundary conditions as described above. For example, at a free end, y 2 Ϫy 1 ϭy 3 Ϫy 2 ϭy 4 Ϫy 3 . At a clamped end, y 1 ϭy 2 ϭ0. At a pivot joint, y 1 ϭ0 and y 2 ϭy 3 /2. These boundary conditions extend over a small but finite length of the beam and effectively reduce the beam length, especially if the number of segments is small. Ideally, the boundary conditions apply to only one point at the very end of the beam. Consequently, a small ''end correction'' was used in the numerical solutions by allowing the numerical beam to be two segments longer than the actual beam. However, in order to satisfy the energy conservation equations, it was necessary to assume that the end segments had zero mass. For the other segments, s ϭL/(NϪ2) and mϭM /(NϪ2). Good agreement with the analytical eigenmode frequencies was obtained using N ϳ40 segments. The response of a beam to any given impulse consists, in theory, of an infinite set of eigenmodes. In principle, numerical integration of Eqs. ͑2͒ and ͑3͒ would therefore require infinitesimal time steps to resolve all modes. In practice, it was found that time steps of order 10 s provided sufficient accuracy since the impulse duration, typically about 5 ms, was too long to excite modes of frequency greater than about 300 Hz and since the division of the beam into N discrete segments eliminated modes of wavelength shorter than the segment separation s. Experimentally, very high frequency 
